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Evolution of a spectrally local disturbance
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A grid-generated ‘isotropic’ turbulent flow has been subjected to a spectrally local
perturbation in the form of a high wavenumber, sinusoidal ripple in the mean velocity.
It is introduced as the wake of a fine wire, low solidity screen (a ‘zither’), operating
below its vortex-shedding Reynolds numbers. The perturbation appears most clearly
downstream as a strongly periodic component in the transverse correlation of stream-
wise turbulent velocity, R,(r,). Its Fourier transform, E,,(k,), a ‘one-dimensional
spectrum’, shows a corresponding local ‘spike’. The downstream evolution of this
perturbation has been chronicled for four different spectral locations. Their decays
are approximately exponential. Measurements of the one-dimensional spectrum
E,(k,) at several downstream stations show evidence of energy transfer to other
wavenumber regions.

The decay of the velocity correlation ripple is approximately consistent with the
decrease in time of the narrow-band correlation function presented by Comte-Bellot
& Corrsin (1971). It is also found that the linear perturbation response calculated by
Kraichnan (1959) for a disturbance wavenumber larger than those of the incident
turbulence shows fair agreement with this decay.

1. Introduction

Dynamical systems are often studied both experimentally and theoretically by
their responses to appropriate perturbations. In fluid mechanics experiments, the
best-known early example may be the Schubauer & Skramstad (1947) measurement
of the laminar boundary-layer response to controlled periodic perturbation introduced
by a thin vibrating ribbon.

In turbulence research, the first explicit work on a perturbation was Lin’s (1951)
theoretical estimate of the initial decay rate of a small spectral spike. He applied the
Heisenberg formula for spectral transfer, and was interested in the stability of the
similarity spectrum. Liepmann (private communication ¢. 1952) and Roshko (1953)
suggested that relevant basic information could be extracted if a fully developed
turbulent flow were disturbed by a periodic velocity field.

The present experiment was motivated primarily by Kraichnan’s (1959) introduc-
tion to turbulence theory of the notion of a spectral response tensor, a sort of ‘Green’s
function’ of a fully-developed field of turbulence. It can be thought of as a more
integrated and sophisticated version of Lin’s perturbation because no initial spectrum
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is assumed; the spectral function and response function are simultaneous unknown
functions.

Townend’s (1956) analysis of a fully turbulent, periodic wake flow has some rele-
vance to the present work. He treats a field of homogeneous turbulence subjected to
a small velocity perturbation. By neglecting terms in the square of the perturbation,
and restricting attention to the case where the scale of the perturbation is large
compared with that of the important turbulence structure, he argues that the equation
of motion for the perturbation velocities may be approximated by an equation of the
same form as the heat-conduction equation. By analogy to the experimental results
for a point source of heat in isotropic turbulence, he then obtains an exponential
decay for the periodic wakes.

2. Experimental design

The basic turbulence to be disturbed was ‘standard’, decaying, nearly-isotropic
turbulence generated by moderate-solidity, bi-plane, square rod grid spanning a low
turbulence level, uniform air flow in a straight duct, which diverged slightly to com-
pensate for the growth of the wall boundary layers. A fairly complete surmmary of
these flows is included in a paper of Comte-Bellot & Corrsin (1966).

The spectral disturbance of greatest simplicity for theoretical study might be
statistically isotropic, very weak, and at a single wavenumber magnitude, i.e. a thin,
wealk, spherical shell in wavenumber space. We have not yet devised a method for
generating such an ideal disturbance.

A more rudimentary spectral disturbance, which is certainly easier to generate
experimentally, is one which is local in the one-dimensional spectrum and hence is
contained in a thin, plane slab in wavenumber space (see, for example, Corrsin 1959).
This implies a velocity disturbance which is a single, simple sinusoid in the physical
space.

The requirement that the perturbation energy be much less than the pre-existing
total turbulent energy turns out to be difficult to satisfy. Further discussion of this
difficulty will be given later.

To remain within the realm of an incompressible turbulent flow, the perturbation
must be solenoidal. This rules out acoustically generated perturbations.

Finally, it should be most relevant to focus this study initially on the wavenumber
range between the region of primary energy content (the inverse of the integral scale)
and the dissipation region, characterized by the inverse of the Kolmogorov micro-
scale. This is the region which has both important Fourier mode dynamic interactions
and some degree of universality. Eventually, disturbances at both larger (viscous) and
smaller wavenumbers should be studied.

The methods considered for introducing a perturbation which would satisfy most
of the above requirements were:

{a) vortex shedding from a plane array of parallel circular cylinders normal to the
mean flow;

{b) anarray of parallel cylinders (possibly of airfoil shape) at low Reynolds number,
forced to oscillate in a plane normal to the direction of the mean flow, or to change
their angles of attack periodically;
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(¢) an array of stationary parallel cylinders at low Reynolds number, leaving
‘laminar wakes’;

(d) a modification of the turbulence-generating grid itself, perhaps the use of
rotating elliptic or prismatic rods, which would add a periodic disturbance to the grid
solidity.

The first three of these methods were investigated sufficiently to assess their ad-
vantages and limitations. The devices with vortex shedding from fixed wires, and
with oscillating circular cylinders, created disturbance periodic in two space directions
and time. The small Reynolds number round-wire array created a disturbance which
was periodic solely in one direction of space. Therefore this last method was selected
because the disturbance introduced was the simplest, and the amount of new fluctua-
tion energy introduced was the smallest of the methods investigated, although larger
than desired.

The perturbing array of parallel circular cylinders was in fact a screen of taut
parallel wires, called for obvious reasons the ‘zither’. Its dimensions were as follows:
wire diameter d = 0-003 in.; wire spacing m = 0-064 in. on centres; solidity o = 0-047;
wire Reynolds number R, = U'd/v = 25. U is the mean velocity away from the zither
plane.

The wire tension was adjusted to keep the wires from bowing significantly due to
aerodynamic drag. Neither observation with a long focal length microscope, nor
frequency analysis of a hot-wire signal taken directly behind one of the wires showed
any wire vibration.

The decisions on wire spacing and diameter were a compromise. An upper limit
on the wire Reynolds number avoided periodic vortex shedding; a lower limit on the
wire diameter provided strength and ease of fabrication; an upper limit on the grid
mesh size was set by the tunnel cross-section. The air speed could not be reduced too
far because a large grid Reynolds number was desirable.

The individual laminar wakes were initially separated by a distance considerably
larger than their characteristic widths. But they spread and. their mean velocity de-
ficiencies decayed, so that they became a simple sinusoidal mean velocity perturbation
spanning the turbulence field.

Since grids were easier to construct than zithers, the change in relative wavenumber
of the perturbation was achieved by employing grids of differing mesh size placed in
turn upstream of the single zither.

3. Equipment

The wind tunnel (figure 1) was basically that used by D. S. Johnson (1957). It has
a 12 in. by 18 in. test section and was modified by the addition of a closed return, the
introduction of filters, the mounting of pockets to hold the zither and grids, and the
addition of access ports.

The four pockets were mounted so that the sequential spacing between them was
34 in., 20 in. and 20 in. The zither was always at the farthest downstream location.
This arrangement allowed the grid mesh size to be varied while the number of mesh
lengths between the zither and grid was kept essentially constant.

The free-stream turbulence level measured at the zither location was 0-19, for a
mean speed of 16 ft/s.
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Fiaure 1. Wind tunnel arrangements.

The grids used were of square rod, square mesh, bi-plane construction. The mesh
sizes were 2-0, 1-0 and 0-50 in, and the solidities were all 0-30. The 2 and 1 in. mesh
grids were made from brass rod pinned at alternate intersections. The 0-5 in. grid
was made by gluing together two sheets of mahogany with their grain directions
perpendicular, then machining out the unwanted parts of each sheet, parallel to its
grain.

Turbulence uniformity check traverses were taken at o, /M = 40 (37 for the 2-inch
grid). These indicated that «; was uniform over z, to within + 0-5%, over the central
portion of the tunnel for the two larger grids. The wooden grid was less accurate; its
u; non-uniformity was + 3-09,.

The traversing mechanism moved the probes in steps as small as 0-004 in., with an
accuracy an order of magnitude smaller than this.

Two different constant-current hot-wire anemometers were used. Figure 2 shows
schematically one channel used for the measurement of the u; levels, the mean profiles,
the two-point velocity correlation coefficients B,,(r,) and the one-dimensional spectra.
The battery-operated amplifiers were operated with 3 dB points at 40 kHz for the high
frequency end, and at 0-2 Hz for the low frequency end.

The measurements of the two-point velocity correlation coefficient Rgy(ry) and the
u, levels were made with a Shapiro—-Edwards constant-current hot-wire set. The band-
pass for these measurements was set with 3 dB points at 20 kHz and 1 Hz.

All measurements were taken with hot wires made from platinum/10 9, rhodium
Wollaston wire. The wire diameter was 0-0001 in. for all but the spectral measurement.
There it was 0-00005 in. Wire lengths were approximately 0-03 in.

The instruments used were the following: for determining the fluctuation level, a
Ballentine Model 320 true r.m.s. electronic voltmeter; for the one-dimensional spectra,
a Hewlett—Packard Model 302A wave analyser. The analyser was modified so that the
100 kHz I.F. signal was available as an output, its amplitude being proportional to
the energy at the frequency selected. The mean square level was obtained with the
Ballentine r.m.s. meter, integrating its mean square output with a Texas Research
and Electronic Co. Model SI-100 integrator. The integrator output, a d.c. voltage,
was read with a Cubic Corporation Model V46-P digital voltmeter.
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FicurEe 2. Hot-wire anemometer schematic circuit.

The correlations were measured by the mean sum and difference of the square
voltages (the ‘quarter square’ method). The instantaneous sum and difference
were obtained by conventional operational amplifier techniques. The units used were a
Philbrick Model K-2-XA for the sum and a Philbrick Model SK2-V for the
difference. The mean square level was obtained by the Ballantine integrator/digital
voltmeter combination.

The tunnel air temperature was measured by a Veco number 31A2 thermistor
resistance thermometer.

4. Results of measurements

The unperturbed turbulence fields generated by the three test grids were statistically
in good agreement with more extensive experiments, especially those of Comte-Bellot
& Corrsin (1966, 1971) behind square-rod, square-mesh, bi-plane grids, so the details
need not be given here. The small differences are attributable to the smaller grid
Reymnolds numbers here, and to the slightly smaller grid solidities.

Table 1 summarizes the simplest turbulence properties at the zither location and
includes the ratios of the zither mesh size to the transverse integral scale and the
Kolmogorov microscale. The latter scales were estimated from the dissipation rates
given by the turbulent energy decay.

L is the ‘transverse’ integral scale, 7 the Kolmogorov microscale, v the kinematic

Grid
mesh UM /v wL/v  uAfv gx10°
M (in.) =Ry x/M L(n) /T =R, =R, (n) m/L m/y
2 16520 37 0-47 0-021 81-3 46-9 2:2 0-14 29-1
1 8260 40 0-22 0-020 36-4 31-3 2-8 0-29 22-9
3 4130 40 0-11 0-022 20-0 23-0 3-4 0-58 18-8
1 8260 77 0-29 0-013 311 29-0 4-1 0-22 15:6

TasLE 1. The value of R,, is estimated
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F1eurE 3. Mean velocity profiles behind zither with 2 in. grid and .z, = 37M.
Values of Az,/d: O, 100; 3, 200; x, 250; A, 300.

viscosity, A the transverse Taylor microscale and m the zither mesh size. ,z, is the
downstream distance from the grid to the zither.

L is the ‘transverse’ integral scale,  is the Kolmogorov microscale, v the kinematic
viscosity, A the transverse Taylor microscale and m the zither mesh size. ,2, is the
downstream distance from the grid to the zither. We see that in all cases the zither
mesh was appreciably smaller than the transverse integral scale and larger than the
Kolmogorov microscale.

Figures 3 and 4 show, over one lateral wavelength, the downstream development
of the mean velocity profile behind the zither for M = 2 in., .z, = 37M . Since the intent
was to have, within the turbulence, an approximately sinusoidal mean speed variation
at Az, = 100d, the figure 3 data show reasonable success. The decays of the mean
disturbances in the two cases shown in figure 5 are both virtually exponential for
Az, > d. This is expected from laminar flow theory for the no-grid, laminar wakes,
but is surprising for the turbulent case.

Az, is the downstream distance from the zither, z, is the transverse distance normal
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Fraure 4. Mean velocity profile behind zither with no grid. Values
of Az, /d: O, 200; (3, 300; A, 600; +, 900; x, 1200.

to the wires and z, is the transverse distance parallel to the wires. Later in this paper,
where two-point correlation functions are presented, r,, 7, and 74 are separation dis-
tances along the z,, x, and z; axes respectively. k,, k,, k; are the corresponding wave-
number compohents.

The decay in mean disturbance amplitude in the turbulent case can be viewed as
a kind of spectral relaxation, one reason for the invention of this experiment. On the
other hand, the concomitant turbulence inhomogeneity (figure 6) clouds this inter-
pretation a bit.

The laminar and turbulent exponential decays in figure 5 can be represented ap-
proximately by

O,(x;, x,) = ﬁ{l—gcos (25_2) exp(—ﬂATxl)’, (1)

where B is the hypothetical peak-to-peak amplitude at Az, = 0, obtained by back-

ward extrapolation: o —
B = Cr—l[Uinax (0) — Uinin (0)].
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Fieune 8. Decay of mean velocity profile amplitude behind zither: ©, without grid;
x , with grid (M = 2in., &, = 3TM).

U is the area mean value of U,. The dimensionless decay rates for the lines in figure 5
are B, = 0-0034 and Sy, = 0-012. The decay rate measured for the laminar case,
transformed to an inverse time, agrees within 39, with 27v/m?, the laminar theo-
retical value for & simple sinusoidal flow. If we introduce the concept of an eddy vis-
cogity v, to formulate a rough estimate of the turbulent case (Townsend 1956, pp. 56—
63), a brief calculation shows that

vr/V = Biurn/Biam = 3-5.

This is & remarkably small ratio; in similar turbulence, ratios of turbulent to molecular
thermal diffusivity (Uberoi & Corrsin 1953; Wiskind 1962) have been estimated at
15 to 50. Even more contrast is offered by Stewart’s (1952) estimate of v, /v ~ 167
in the decay of the mean velocity variation behind a parallel-rod, turbulence-
generating grid.

The difference between Stewart’s ratio and the present one is presumably a reflexion
of the considerable difference in the ratio of the mean flow wavelength to the turbu-
lence integral scale for the two cases. In his case it was of order one; here it is of order
0-03.

Figure 6 shows the downstream development of the /U turbulence level profile
behind the zither for M = 2in., jx;/M = 37. The most obvious effect is the large
increase in level close to the zither, compared with the level upstream. The maxima
occur at approximately the same z,/m locations as the points of maximum mean shear
for the mean speed profiles. This, together with the relative minimum on the cylinder
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Fiaurk 8. u]/U profiles behind zither with 2 in. grid and ,z, = 37M.
Values of Az, /d: O, 100; [, 200; x, 250; A, 300.

axis, bears a striking resemblance to corresponding measurements in a single, plane
turbulent wake (Townsend 1949). This resemblance suggests that this increased level
is the result of turbulent energy production by a local Reynolds stress —u, ug acting
on the mean shear.

Direct experimental investigation of this suggestion would have been difficult
because of the small physical scale of the disturbance; a typical ‘small’ probe (i.e.
X-meter or inclined wire) would have been the same size as the disturbance. For this
reason no attempt at measuring u,u, was made. However, a rough theoretical estimate
can be made by using as an approximation the value of u,u, obtained in an ordinary
wake. This is presented in the following section.

Figure 7 shows the u;/U decay ‘far’ downstream of the zither, for M = 2 inches.
Included also are a few values of u;/U. The values indicated at Az,/d = 0 are the
incident levels. The decay of u;/U without the zither, given by the dashed line, is
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Fiaure 7. u;/U and u;/U decay far downstream of zither with 2 in. grid,
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F1aure 8. Correlation function Ry,(r,) behind zither at Az,/d = 100.
M = 2in.; 2, = 3TM.

included for reference. The decay of u;/U from its increased level close to the zither
is more rapid than the decay of unperturbed grid turbulence. Furthermore, the
u}/U levels ‘far’ downstream (Ax,/d > 600) are lower than those expected for the
decay of grid turbulence. This is consistent with the known action of damping screens
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Figure 9. R (r,) behind zither at Az,/d = 300. M = 2in.; &, = 3TM.

on ‘wind tunnel’ turbulence (Schubauer, Spangenberg & Klebanoff 1950; Townsend
1951a). Direct comparison of these data with those far behind ‘damping screens’ are
difficult because of the relatively low solidity, and hence small pressure drop coefficient
[Ap/(3pT?) = 0-06 for U = 16 ft/s] of the zither.

The typical effect of the zither on the two-point velocity correlation Ry(r,) is
shown in figures 8, 9, and 10. The numerical data, which extend to much larger r,/m,
are tabulated by Kellogg (1965). The reference correlation function without the
perturbation is in figure 11. These data clearly show the sinusoidal nature of the
perturbation. The strength of this correlation function ripple is perhaps a little sur-
prising, not so much for Az,/d = 100 (figure 8), where large inhomogeneities in the
U, and u}/U profiles exist, but rather at Az,/d = 300 (figure 9), where these profiles
are uniform in z,. Why this should be the case is not certain, but the following
speculation can account for this behaviour.

At Az, /d = 300, equation (15) in the following section predicts a material point
r.m.s. lateral dispersion of (X2)* = 18 x 10-3 in. Presumably peak-to-peak excursions
of three times this value occur. In any case, the turbulence-induced lateral displace-
ment is of the same order as the zither mesh size. Assuming then that a closely sinu-
soidal variation in the ‘instantaneous laminar mean velocity’ still existed, the fact
that this disturbance was being convected laterally past the point of measurement
on a scale of the same order as the wavelength of the disturbance could account for the
virtual uniformity of the mean velocity profile. A two-point correlation measure-
ment, however, would easily detect the regularity in such a randomly flapping profile.
The total correlation measured would then be the sum of a part due to the randomly
convected, periodic laminar wakes and a part due to the original correlation of the
incident turbulence itself. The contribution from the laminar wakes would be either
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F1auRE 12. Downstream development of first oycle of correlation funetion ripple. M = 2in.;
Az, /M = 37. Values of Az, /d: x, 300; A, 400; [, 500; O, 600; O, 700; o, 800.

positive or negative, depending on the relation between the separation distance of
the hot-wire probes and the wavelength of the disturbance.

The effect of changing the grid mesh size, while keeping the number of grid mesh
lengths between the grid and zither essentially constant (Kellogg 1965), is a more
rapid fall of R,;(r,) as a function of 7,/m behind the finer grid. This is because of the
smaller transverse integral scale of the incident turbulence. Being closer in size to
the laminar wake spacing, it ‘scrambles’ the periodic structure more effectively.

One simple measure of the amount of ripple in Ry;(r,) is the depth of the first dip
(at r3/m = 0-5). The downstream decrease in this dip is a measure of the relaxation of
the perturbation. A typical set of data for this effect is presented in figure 12, for the
case of M = 2 inches, ,x,/M = 37.

The downstream decays of the first dip amplitudes 4 for the four cases studied are
summarized in figure 13. 4 was arbitrarily chosen to be the maximum difference
between the measured correlation function and a parabola drawn through the vertex
and tangent to the first peak, near r,/m = 1. Evidently the perturbation history
changes with changes in energy and relative scale of the incident turbulence.

The ‘early’ strengths (4 at Az,/d = 300) of the perturbations in the four cases
are listed in table 2. By inspection we see that 4(300) is not monotonic with L (or L-1),
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Fraure 13. Decay of amplitude of first oycle of correlation function ripple. [M (in.), ,,/M,
incident u{/ﬁ(o/o)]: O, (i” 40, 2'2); O, (la 40, 2:0); x, (2’ 317, 2'1); A, (1’ 74, 1-3).

but is monotonic with (uj)~1. This latter fact seems to support the speculation made
previously that the correlation can be considered as the sum of a part due to the
incident turbulence and a part due to the lateral random convection of a ‘fixed’
periodic wake structure.

The exponential decay rates of A (figure 13) were estimated as follows. The effects
of the different incident energy levels were removed by scaling the amplitudes: a
semi-log plot of each amplitude 4 against Az, /d was made. It was easily fitted with
a straight line in all cases. The linear portion was extrapolated backward to a hypo-
thetical value at Az, /d = 300. Designated ‘4,’, this value was used to normalize 4.
In effect, the decay data were fitted with lines having the form

A/A, = exp[—a(@/U)(Az,/d)] (2)

for Az, /d > 500. The (exponential) decay rates & obtained in this fashion are included
in table 2. For easy comparison, two ‘rates’ in the incident turbulence are also tabu-
lated: u;/L is proportional to the turbulent energy decay rate (and is a sort of ‘big
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Ficure 14. Spectrum E,,(k,) calculated from R, (r;). M = 2in.; Az,/d = 300.

eddy’ turnover rate); uy/A is proportional to the r.m.s. vorticity. « is essentially
monotonic with both, but proportional to neither.

A caleulation of the one-dimensional spectrum E,,(k,) by means of the Fourier
cosine transform relation

E\\(ky) = %T f:o Byy(ry) cos (kyry) dry (3)

was carried out on a digital computer (IBM 7094). The integral was approximated
88 a sum using Simpson’s rule. These computations were made before the ‘ fast Fourier
transform’ came into common use.

There are three sources of error which limited the spectral resolution obtainable.
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Froure 15. Downstream development of spectral peak in B, (ky). M = 2in.
Values of Az, /d: O, 300; [, 400; A, 500; x, 600; o, 700.

They are truncation, round-off and inaccuracies in the data. The first two were assessed
by computing the transform of a function with a known transform, and then com-
paring the results to this known transform. With a test function R,(r,) = (1 +ard)™,
which has a decaying exponential transform, the numerical technique gave satisfactory
results for 0 < k, < 200 in.-1.

There were at least two ways to use the data for this calculation. One was to sub-
stitute it directly. The other was first to plot the experimental data and then to use
as ‘data’ for the calculation the values taken from a faired curve drawn among the
data points. This latter method was used.

The results of these calculations are illustrated by figure 14, for Az, /d = 300,
M = 2 in. The low wavenumber portion of this curve shows the expected monotonic
decreasing character of a typical turbulence spectrum. The spectrally local chapter
of the perturbation is clearly shown by the appearance of the spectral peak at
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F1cure 16. Peak values and relative energy of spectral peak in E,,(k,).
M = 2in. [], relative energy; O, peak value.

The downstream development of this spectral peak is shown in figure 15. The
computational ‘noise level’ indicated by dashed lines in figure 14 is attributed to
inaccuracies in the data. This ‘noise level’ made it impossible to determine the shape
of the spectral peak for Az, /d > 800.

Figure 16 shows a semi-log plot of the peak value and of the relative energy of the
spectral peak, as functions of Az, /d. The relative energy was obtained by integrating
the spectrum over the wavenumber range for which the spectral level was greater
than 5 x 104, the approximate computational noise level. The value of the integral
was then normalized by dividing by the total energy.

Direct measurements of another one-dimensional spectrum, E,,(k,), were made in
an attempt to detect an energy transfer from the wavenumber (k,) of the perturbation
to the k; direction. Reasoning physically in quasi-Lagrangian fashion, one might
expect to detect in E,,(k,) a broad spectral disturbance in the range 0 <k, < k,.
This would result from a rigid rotation of the periodic laminar wake structure by the
random large-structure of the turbulence. To see if significant rotation can occur in
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Fiaure 17. Downstream development of longitudinal spectrum E,,(k,) behind zither.
M = 2in. Values of Az,/d: O, 300; {, 600; 1, 1000; A, 1500; x, 2000.

times comparable to the decay time of the perturbation, a comparison could be made
between an inverse time constant computed from the vorticity contribution due to
the turbulence spectral region at scales greater than the zither mesh size, and the
inverse time constants a in (2). For simplicity, we use instead the full r.m.s. vorticity
fluctuation, estimating from the exact isotropic relation

@t = 15" @)
(see, for example, Batchelor 1953, p. 47), we get for the (vorticity) inverse time
constant (w,w;)¥ = 150 s~1, This indicates a turbulence rotation rate slower than
that of the perturbation decay rate, a = 347 s~1. Viewed another way, if we use
150 s~ as inverse time constant, and assume a rotation of 47 radians to be significant,
a corresponding downstream location can be computed. The result is Az,/d = 670.
Of course, the concomitant straining action of the turbulence on the periodic zither
wake must increase the high wavenumber limit of the spectral disturbance as the flow
develops. This effect is neglected in this estimate. Townsend (19515) has discussed
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FicUre 18. E,,(k,) behind grid, without zither. M = 2in.; Az,/M = 37.

this latter phenomenon for the extremely large wavenumber (viscous) range, and
Batchelor (1959) has treated the partially analogous problem for a passive scalar field
being homogeneously mixed by isotropic turbulence.

Figure 17 collects the downstream development of the one-dimensional spectrum
E,,(k,) behind the zither for M = 2 in., zither location z,/M = 37. Figure 18 shows
the one-dimensional spectrum of the undisturbed grid turbulence (M = 2 in.) mea-
sured at the zither location, and is included for reference. Figure 17 does show evidence
of a weak, diffuse, relative spectral ‘bulge’ propagating towards higher wavenumbers.
This impression is most pronounced at Az,/d = 600. This spectral evolution is in
marked contrast to the decay of the one-dimensional spectrum in unperturbed grid
turbulence. There the decay evolves with good similarity (see, for example, Liepmann,
Laufer & Liepmann 1951; Stewart & Townsend 1951).

A measurement of the two-point velocity correlation coefficient Ry4(r,) was also
made, in an attempt to detect energy transfer from u, to «;. These data were consider-
ably less accurate than those for R, (r,), partly because of the awkward problem of
using two X-meters or A-meters, and partly because a much smaller effect was being
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sought. A slight ripple in R,,(r,) was measured (Kellogg 1965), but this may have been
a result of probe parasite sensitivity to w,.

5. Estimate of energy amplification by the zither

As promised earlier in remarks about figures 6 and 7, we now try an estimate of the
amplification of the incident turbulent kinetic energy by the low-solidity screen (the
‘zither’), which was explicitly designed and operated so as to shed no von Kérmén/
Bénard unsteady wakes in a uniform flow. Physically, the amplification must result
from the simultaneous creation of local mean shear zones by the zither wires and of
turbulent (‘Reynolds’) shear stresses in these zones by distortion of the incident
turbulence. These and other concomitant non-uniformities contribute in principle to
several terms in the expression for the mean rate of production of turbulent kinetie
energy, — u,u, 8U,/d,. Focusing our estimate on the region downstream of the zither,
we suppose that: (a) the mean flow disturbance, the turbulent shear stress and the
incremental turbulent energy can all be approximated by simple sine functions of 2,;
() —uyuadl, /ox, is the dominant production term; (¢) the dissipation rate can be
neglected for short distances behind the zither. We also neglect the energy spatial
transfer, but estimate the spatial average, so this simplification is not serious. We
can then make a crude and non-conservative estimate of energy amplification, using
the turbulent energy equation in the vestigial form

%Ul‘é-a;‘; ~ ‘-uluzzz;. (6)
¢* = U, uy. Instead of using a similarly stripped-down form of the shear stress equation,
we simply assume that

—U Uy x 0-5 E’;‘m&x(Axl) gin (2mzy/m). (8)

We also take g2 ~ 3uZ, roughly valid in a single turbulent wake. Equation (5) is then

— Ju? —
U, =~ w2 sin(
1 3551 lmax

2z, 80,
m | oxy’

(7
U, (x,, %) and u2(2,, z,) are then represented in the forms

U, ~ ﬁ{l—gcos (E:;?) exp(—ﬂ%ﬁ)}, (8)

W~ @)+ w(bey)sint (222). G

(u—§)0 is the value of -ﬁ% incident upon the zither, and w(0) = 0 is the initial condition
for the differential equation. Evidently, (u2),,, = (u2)o+w.

Substituting (8) and (9) into (7), neglecting the non-uniformity of U, on the left
side, and integrating, we get the average energy growth estimate

(@ave _ (ot 1
@ )y 2

O e I
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From the measured mean velocity field, B = 0-25 and g = 0-0119. m = 0-064 in. and
d = 0-003 in. are zither dimensions. With these values, the estimate for Az, /d = 200 s

()gve/ () ~ 1-8. (11)

The measured value (figure 6) is 2-7. The considerable underestimate may be due to
the failure to take account of the extremely large shears which must oceur in the first
few diameters behind the wires.

There is at least one other possible approach to explaining the increased u; levels
near the zither. That is a random, lateral ‘flopping’ convection of the (‘instantaneous
laminar’) periodic velocity profile past any fixed observation point by the large-
scale structure of the turbulence. Experimental confirmation that this process can
also account for the level changes and profiles observed is given in the appendix.
The data presented there are from measurements made in the viscous wake of a
cylinder oscillating in an undisturbed incident stream. To see if those results are rele-
vant to the case of a turbulent stream incident on a fixed cylinder, a comparison of
the r.m.s. oscillation amplitude with the expected r.m.s. lateral displacement of the
wake due to the turbulent convection can be made. The comparison is made between
data taken at Az,/d = 300 for the oscillating wire in a non-turbulent flow, and at
Az, /d = 100 for the zither in turbulence. This difference in locations is used in an
attempt to take into account the more rapid decay in the mean disturbance for the
turbulent incident stream case. We proceed with Kampé de Fériet’s (1939) form of
G. I. Taylor’s Lagrangian dispersion analysis,

— [t
X, = 2v§f (t—71)R(r)dr, (12)
0
where R(r) is the velocity Lagrangian autocorrelation function; v; is the Lagrangian
velocity.
For small times (applicable here), R(7) may be approximated by a parabola:
R(r) ~ 1—-12/22, (13)
where A, is the time microscale. Substitution and integration give
—_ = 2
X2 = v} (1—6/\3). (14)

Scaling Kennedy’s (1965) determination of A, from a heat wake, and expressing ¢ as
t = (Azy/d) @/ D),

we get, for d = 0-003 in., and';g = u_g,

= Ax\? u} Az,\?
2~ gf221) 22 ~6)1 0.4 —2 —6
X2~9(d)’02x10 {1 04(d)x10 } (15)
With Az, /d = 100 and u;/U = 0-02, this gives
[X2]}~ 6x 10-3in. (16)

The r.m.s. amplitudes of cylinder oscillation used in the work of the appendix were
9-5x 10-3in. and 4-8 x 10~3in. These gave a fluctuation level comparable to the
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value cited here. Thus it is plausible that this wire-wake flopping mechanism can also
account for the observed increase in fluctuation levels.

From a physical point of view, we expect proper alternative explanations to be
equivalent. In spatial (Eulerian) co-ordinates, the energy amplification is directly
seen as the result of: (a) the generation of mean strain by the wire no-slip condition;
(b) the consequent generation of off-diagonal (mean shear) terms in the Reynolds
stress tensor; (c) the subsequent interaction of these two new attributes. The turbulent
shear stress — u, u,, zero in the incident turbulence, is generated by the mean strain
in the ‘boundary layers’ and wakes associated with the no-slip condition at the wire

surfaces. The key term in the balance equation for —wu, u, is u2 80, /dx,. Keeping only
this term, this equation in spatial co-ordinates is simply
Uéi—l(——uluz)zuggxg:. (17
A material (Lagrangian) co-ordinate description can probably be based on the view
that at any instant the (distorting) ‘laminar’ wake of each wire is approximately a
fluid material slab, and is convected downstream. The velocity non-uniformity
associated with the array of flopping wakes appears as a velocity fluctuation at a
fixed observation point. The lateral velocity which flops the wakes is virtually u,,
and the instantaneous local velocity gradient is approximately 80, /dz, near the wires.
A u, fluctuation is thus created:

Uy ~ —uy 00, /0x,. (18)

Multiplying by u, gives the right side of (17). This explanation is much like the ‘mixing
length’ approach of Taylor and Prandtl. Parenthetically, we note. that multiplying
(18) by u, gives the production part of the #, component energy equation.

6. Comparison of spectrum perturbation decay with narrow-band
correlation function in unperturbed turbulence

Some years after these data were taken, Comte-Bellot & Corrsin (1971) reported
measurements of narrow-spectral-band, velocity auto-correlation functions in the
isotropic turbulence behind a grid nearly identical to the largest one used here. Those
functions were auto-correlations in time, in a frame travelling with the mean flow.
It seems plausible that, for corresponding regions of the spectrum, they should die
away at about the same dimensionless rate as the narrow-spectral-band perturbations
given in this report.

In order to decide which of those narrow-band correlation functions correspond to
the perturbation decay functions in this study, we can compare the ratios of the
characteristic wavenumber k,, to the Kolmogorov microscale wavenumber and to the
integral scale wavenumber. Somewhat arbitrarily, we may take the former as k, = 5!
and k; = L1, Since k, = 27/m, the last two columns in table 1 tabulate 27k, /k,
and 27k, /k,, respectively. Table 3 retabulates these four cases by their values of
ky/kq and k,/k,.

The corresponding ratios for the twelve narrow-band auto-correlation functions of
Comte-Bellot & Corrsin are tabulated in table 4.

Comparing these pairs of ratios to those in table 3, we see that the largest wave-
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Figure 19. Comparison of decay of correlation function ripple to narrow-band velooity corre-
lation function in unperturbed turbulence (Comte-Bellot & Corrsin 1971). Cases with nearly
equal values of k,,/kr and k,./k,. , from Comte-Bellot & Corrsin; O, ~ A/A4, (present
data).

M = 2in,, M =1in, M = 0-5in,, M = 1lin.,
Case /M = 37 z,/M = 40 /M = 40 2, /M = 14
ki/ks 0-022 0-046 0-092 0-035
k,,/k, 4-64 3-64 2-99 2-48
TaBLE 3

k, (em~Y) 0-10 025 050 0-76 101 152 2-28 3-03 4-04 5:05 7-60 10-10
kr/k, 50 2-0 1-0 0-66 0-50 0-33 022 0-165 0-124 0-10 0-066 0:050
ky/k, 340 136 68 45 34 22 15 11 8-4 6-7 4:5 34

TABLE 4

number case is fairly well matched with the perturbation experiment with M = 1in.
and the zither at ,x,/M = 40. Figure 19 is a comparison of the two functions, with
uy(Az,)/(LU) as independent variable. The agreement is surprisingly good considering
that: (a) the amplitude of the extraneous wiggle in the perturbed correlation function
is a statistical property rather different from the narrow-band correlation function of
unperturbed turbulence; (b) the perturbation described in this report was, compara-
tively, not weak.

No other pairs of wavenumber ratios in tables 3 and 4 match up well but, as a matter
of peripheral information, we have compared a pair for which the present experiment
and the narrow-band wavenumbers of Comte-Bellot & Corrsin (1971) are in the same
proportion to integral scale wavenumber, although not in the same proportion to
Kolmogorov microscale. The two experiments are the M = 0-5 in. case in table 3 and
the &, = 5-05 cm1 case in table 4. Figure 20 shows that the agreement is moderately
good in spite of the incomplete wavenumber match.
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Figure 20. Comparison of decay of correlation function ripple to narrow-band velooity corre-
lation funotion in unperturbed turbulence (Comte-Bellot & Corrsin 1971). Cases with nearly
equal k,/kz, but unequal kl_./k’. ~—-—, from Comte-Bellot & Corrsin; O, ~ A/A, (present
data).

7. Comparison of spectrum perturbation decay with Kraichnan's
theoretical response functions

Although it has now been recognized that Kraichnan’s ‘direct interaction approxi-
mation’ theory (DIA) of isotropic turbulence (Kraichnan 1959; Leslie 19734, cha. 5)
is in part arbitrary (Kraichnan 1966; Morton & Corrsin 1970; Leslie 1973b), it was
considerably more successful than previous theories, and it was the first one to express
Fourier mode interactions in terms of an unknown ‘response function’, to be pre-
dicted. As mentioned in the introduction, it was a stimulus for this experiment.
Unfortunately, a comparison between the measured perturbation decays, which are
all for relatively large wavenumbers, and the high wavenumber form of the DIA
response function is not meaningful. The reason is that the latter postulates a semi-
circle probability density function for velocity instead of a relatively realistic (e.g.
Gaussian) one (Kraichnan, private communication). It should be mentioned that the
response function decay rate of that result,

Jy(2u; (A1) [u; k(AD)],

is comparable to the measured one,

We can, however, compare the measured data to a simpler Kraichnan prediction
(1959), a linear approximation response function for a small perturbation at wave-
number larger than those of the initial turbulence. With the well-founded empirical
Gaussian form of the velocity component probability density function (Simmons &
Salter 1934; Townsend 1947) his prediction reduces to

exp [ — fud k¥(An)%). (19)

Figure 21 compares this linear response function and with the measured decay of
the amplitude of the first perturbation cycle of the correlation function Ry,(r,), for
M =2in., 2,/M =37, and M = 0-5in., ,2,/M = 40. For this comparison the time
origin for the experimental perturbation decays was arbitrarily taken at Az, /d = 300,
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Fraure 21. Comparison of decay of oorrelation function ripple with Kraichnan’s linear estimate,
for perturbation at relatively large wavenumber. O, M = 2in.; [ ], M = 0-5in.

and the amplitudes were normalized with the value there. Since the decay is closely
exponential, the origin choice is not crucial.

Considering the fact that there are no arbitrary constants to scale the comparison,
the agreement of Kraichnan’s estimate with the experiments is remarkably good.
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Appendix. Wake behind an oscillating cylinder

A brief study of the wake behind an oscillating circular cylinder (with Reynolds
number below the steady vortex-shedding range) in an undisturbed flow was under-
taken to see if lateral motion of the instantaneous ‘mean’ speed profile past a fixed
point of measurement could account for the shape of the u; /U profile and the increase
in turbulence level observed behind the zither. As pointed out in the main text, a
turbulent stream incident on a relatively thin circular cylinder operating below its
vortex-shedding Reynolds number, would convect the otherwise steady laminar wake
profile, thereby causing lateral displacement fluctuations. The incident turbulence
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FigureE 22. Comparison of mean velocity profiles 300 diameters behind fixed and vibrating
cylinders at Reynolds number = 25, less than vortex-shedding level. Solid points (W) are
computed by ‘oscillating’ the fixed wire wake (A). Peak-to-peak values of a/d, the wire oscil-
lation amplitude: O, 9; [, 4-5; M, 45 (calculated). '

would of course also strain the wake, causing its instantaneous local profile to depart
from the undisturbed laminar form, but we ignore that effect in this discussion.

The approach here is to use cylinder motion to move the ‘mean’ profile in a known
way laterally past the point of measurement, in the absence of incident turbulence.
This allows clear evaluation of the effects of lateral motion of the ‘mean’ profile on
measurements made downstream of the cylinder.

The experimental arrangement was as follows: a high carbon steel wire 0-033 in.
in diameter was mounted on the wind tunnel centre-line, with its axis normal to the
mean flow, in the r; direction. A permanent magnet gap surrounded the wire outside
of the flow study segment, with the magnetic field in the direction of the mean flow.
An alternating current in the wire thus produced wire oscillations in the plane normal
to the mean flow. The frequency was controlled by adjusting wire tension, and the
amplitude was controlled by adjusting the wire current. The wire Reynolds number
was 25, and the frequency of oscillation was set at 300 Hz. The oscillation velocity
added only 19, to the ‘instantaneous’ Reynolds number.

Figure 22 shows the mean velocity profile U7, and figure 23 the u; /U intensity profile,
300 wire diameters downstream. The profiles were measured with peak-to-peak
amplitudes of wire vibration a = 94 and a = 4-5d. The oscillation amplitude was
measured with a long focal length microscope with ruled eye-piece.

The similarity in the shape of the u;/U profiles obtained here to those behind the
zither is evident. Furthermore, the u;/U levels in the wake of the oscillating wire are
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Figure 23. Comparison of velocity fluctuation profiles 300 diameters behind vibrating cylinder
at Reynolds number = 25, less than vortex-shedding level. Solid points () are computed by
‘oscillating’ the fixed wire wake (A in figure 22) with a peak-to-peak value of a/d of 4-5. Points
O and [] are for peak-to-peak values of a/d of 9 and 4-5 respectively.

of the same order as the level changes obtained behind the zither. These facts lend
support to the idea that the changes in level behind the zither can be explained in
terms of turbulent lateral convection of the ‘instantaneous mean wake’ profile.

The mean profiles (figure 22) show remarkable similarity to each other and are not
materially changed by the wire oscillation. This seems odd since one would expect the
oscillation to broaden the mean profile.

A consistency check on this point, and on the u;/U levels as well, can be made by
using the mean profile for the stationary wire case as a non-linear transfer function
for an ‘input’ of position to an ‘output’ of velocity, assuming a quasi-steady flow
pattern. The validity of this assumption can be checked by comparing a viscous
characteristic time based on wire diameter and kinematic viscosity to the oscillation
period. Taking 7, = d?/v as the characteristic viscous time and 7, = (27f)~! for the
period of oscillation, 7,/7, = 0-7. The fact that this ratio is not much less than one
indicates that the assumption of quasi-steadiness is suspect.

The procedure was to obtain graphically the output velocity wave forms using a
sinusoidal input of position and the non-linear transfer function based on the mean
profile obtained behind a stationary cylinder. These output wave forms were calculated
for different values of mean position along the transfer function. After the output
velocity wave form had been obtained, its mean and mean square values were deter-
mined. These results appear as solid symbols on figures 22 and 23.

The agreement in the mean profiles indicates that the fluctuating part of the output
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velocity wave form obtained graphically has a mean value close to zero. This was
substantiated by observing the wave forms from the hot-wire probe on an oscilloscope.
They appear closely sinusoidal over most of therange in r,, with a doubling of frequency
on the centre-line. The agreement between the computed and measured u;/U profile
is not as close as that obtained for the mean profile. The agreement is good near the
edge of the wake, worsening near the centre-line. There is, however, similarity in form
and rough agreement in fluctuation level.
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